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Divergent Integrals, The Riemann Zeta Function, and
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Abstract - This paper presents a new estimate for the vacuum energy density by summing
the contributions of all quantum fields’ vacuum states which turns out to be in the same
order of magnitude (but with opposite sign) as the predictions of current cosmological
models and all observational data to date. The basis for this estimate is the recent results
on the analytical solution to improper integral of divergent power functions using the
Riemann Zeta function [1].
In a recent paper [2], the vacuum energy density was shown to be within the upper bound
set by observational data available in year 2000, however the effect of the particle masses of the
different quantum fields were not taken into account. This paper will attempt to remedy this
issue by building on the recent results obtained to tame the infinities present in the improper
integrals of divergent power functions and also compare with more recent observational data
from year 2019. The vacuum energy density (or zero-point energy density, i.e. energy E per
volume V ) of a free quantum field is given by [3],
ρˆvac =
(−1)2j(2j + 1)
2
1
2pi2
∫ ∞
0
√
(mc2)2 + (~ck)2k2dk (1)
which can be further simplified to
ρˆvac = (−1)2j(2j + 1) ~c
4pi2
∫ ∞
0
√
(
mc
~
)2 + k2k2dk (2)
and where ~ is the reduced Planck constant, c is the speed of light in vacuum, m is the
particle mass associated with a specific field, j is the spin and k is the wave number (with units
of 1/m). For a massless field (i.e. photon and gluon, with m = 0 and j = 1), we can further
simplify (2) to
ρˆvac =
3~c
4pi2
∫ ∞
0
k3dk (3)
For massive fields however (i.e. leptons and quarks (j = 1
2
), W & Z (j = 1) and Higgs (j = 0),
and with m 6= 0), we need to obtain the Maclaurin series expansion of the integrand in equation
(2) with respect to the wave number k. Let’s define
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f(k) = k2
√
a2 + k2 (4)
where a = mc
~
.
Now the Maclaurin series expansion of (4) can be obtained as
f(k) =
√
a2(k2 +
k4
2a2
− k
6
8a4
+
k8
16a6
+O(k10, k12, k14, ...) (5)
At first glance, when substituting (5) as the integrand in (2), the integral in (2) looks
highly divergent, essentially a sum of divergent even powered polynomial integrals. However,
using the results obtained in [1], values for these integrals can be calculated using analytical
continuation and the Riemann Zeta function. These integral vlaues are
∫∞
0
k2dk = − 1
12
1/m3,∫∞
0
k4dk = − 1
30
1/m5,
∫∞
0
k6dk = − 1
56
1/m7 and
∫∞
0
k8dk = − 1
90
1/m9, etc. Furthermore,
given the large value of a = 2.84× 1042m in (5), the only dominating term is the first one in
this series, and assuming also a positive particle mass, we get the following simple expression
from (2)
ρˆvac = (−1)2j(2j + 1) ~c
4pi2
(
−1
12
√
a2) = (−1)2j(2j + 1) ~c
4pi2
(
−mc
12~
) = (−1)2j+1(2j + 1)mc
2
48pi2
(6)
Hence for massive fields, we obtain the following 3 simplified equations for the vacuum
energy density contributions, for spin j = 0, 1
2
and 1,
(ρˆvac)m6=0;j=0 = −mc
2
48pi2
× 1
m3
(7)
(ρˆvac)m6=0;j= 1
2
= +
mc2
24pi2
× 1
m3
(8)
(ρˆvac)m6=0;j=1 = −mc
2
16pi2
× 1
m3
(9)
From the 3 equations above, we observe a negative energy contribution for the massive
bosonic fields and a positive energy contribution form the matter fields, which is contrary to
what is reported in the current literature. This fact will result in a negative vacuum energy
density.
Finally, for the vacuum energy density contributions of the massless photon and gluon
bosonic fields, given by (3), the value for the integral
∫∞
0
k3dk can be calculated to be (−1)
3+1
(3+1)(3+2)
=
1
20
with units of 1/m4 and so we obtain the following
(ρˆvac)m=0;j=1 =
3~c
80pi2
× 1
m4
(10)
2
Fields Spin j Mass (eV/c2) ρˆvac (J/m
3)
Higgs 0 124.97× 109 −8.45× 10−11
Quarks (x 6) 1/2 178.66× 109 +1.21× 10−10
Leptons (x 6) 1/2 1.90× 109 +1.29× 10−12
W & Z 1 171.58× 109 −1.16× 10−10
Photon &
Gluon
1 0 +2.40× 10−28
Total −9.42× 10−11
The expectation value of the vacuum energy densities for the 17 free quantum fields of the
Standard Model are tabulated above and we can conclude that the total expectation value
of the vacuum energy density does not diverge and is nearly zero. This calculated value of
−9.42 × 10−11 J/m3 agrees well (in order of magnitude but with a different sign) with the
large scale cosmological observations of approximately 5.26 × 10−10 J/m3 for the vacuum en-
ergy density [4]. It also agrees with all observational data to date which essentially has found
that vacuum has very little energy content leading to a vanishing cosmological constant. This
result addresses the ”vacuum catastrophe” and the ”cosmological constant problem” but casts
some doubt on the currently accepted cosmological models which result in a near zero positive
cosmological constant! In fact, using our newly calculated value of −9.42 × 10−10 J/m3, we
obtain a negative cosmological constant of Λ = −7.59× 10−67 eV2 compared with the positive
cosmological constant of Λ = 4.24× 10−66 eV2 reported in [4]).
However another exciting possibility also exits if one insists on a positive cosmological
constant which is that the delta energy density gap may be due to a yet undetected quantum
fermionic field. The delta energy contribution required would be of the order of
(ρˆvac)delta = 5.26× 10−10 − (−9.42× 10−11) = 6.20× 10−10 J/m3 (11)
A possibility would be a spin 3
2
fermionic field which could be a candidate for dark matter and,
using (6), its associated particle mass would be about 459 GeV/c2. Unfortunately, it would be
difficult to detect with the LHC, since the particle would be electrically neutral and have very
supressed interaction with the rest of the Standard Model fields.
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